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under consideration.
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INVESTIGATION OF THE OSCILLATIONS OF ESSENTIALLY NON-LINEAR SYSTEMS
WITH INTERNAL RESONANCE"

V.G. VERETENNIKOV and I.A. KOROLEV

Oscillations in systems which do not become linear when the small parameter
becomes equal to zero are studied. It is assumed that the generating
system contains odd-order resonances. Conditionally periodic solutions

of the generating and complete systems are constructed with an accuracy

of up to first order in the small parameter. The results obtained represent
a further development of the theory of bifurcation of the growth of a
cycle from a position of equilibrium.

1. lLet us consider an essentially non-linear quasi-autonomous system of 2rn-th order
differential equations

uy = iviguy + Apt®/ox + gl p U (u, v, 1) (1.1

RN - p .
v =y vps=ily, P=uP0P. . vEn, Ap=const

where p is a small parameter. The functions Ui are polynomials in ux, Us (k=1,...,n) of
an arbitrarily large degree, vanishingwhen u =v =0, with coefficients conditionally t-
periodic and represented by a generalized finite Fourier series. The series in the parameter
M are absolutely convergent when its values are sufficiently small, and the point u=v =0
is a unique singularity in the domain of variation of u and v in question.

We assume that the frequencies are connected by an odd-order resonance relation

P1V1+---+Pn"n=0
P:i>0 (i=1,...,n), p=32p;=2m+1(m=1,2,...)

We note that when we have the internal odd-order resonance and no resonance relations
of the same order connecting the eigenfrequencies with the frequencies of the conditionally
periodic coefficients, we can reduce, to system (l.l1), the arbitrary system of equations of

perturbed motion with n pairs of the purely imaginary roots of the form

zp = — i+ XE P+ XP+ L o =i + YU+ YP4 ...
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where Xy (a2, y, t), Y™ (z, y, t) are the m~th order forms in z and y, which can have periodic,
as well as conditionally periodic coefficients.

Indeed, passing to the complex conjugate variable uy = zy + iy, ¥y = 2 — iyx and carrying
out the necessary transformations given in /1-3/, we arrive at the system

we = vty + At fog + UP (w0, Y+ .. o =8

Introducing into this system a small parameter by means of the substitution

uy = pwe' K, By vy = p BT (=1 — )
changing the time scale thus T = u"* and restoring the variables wy, ¥y, T to the previous
notation u, v, {, we obtain a system of the form (1.1).

We shall consider the degenerate case, when

Dy, =ab; —bya;, =0 (@ =1,...,n) (1.2)
a; =Re A, b; = Im 4;

We pose the problem of determining the stationary solution, in the sense of /1/, of
system (l1.l1) in terms of the first order in p, which become, when p = 0, the conditionally
periodic solutions of the truncated system

Uy = iviuy + APy, vy =iy {1.3)
We note that condition (1.2) can be made to hold also in the case when all values of
Dy, are of the order of u’i (1,>>1), whereas 4; are not small.
As we known /2, 3/, {(1.2) represents the necessary condition of stability of the zeroth
solution of system (1.1) only when n = 2. However, the case when (1.2) holds is of con-

siderable interest since it happens, in particular, in the case of Hamiltonian systems. When
(1.2) holds, the zeroth solution of system (1.3) is stable if and only if the sequence of

numbers by, ..., b, (4, ...,8,) contains at least one change of sign. Let us write z; == -—sign b;
and pass to real variables with the help of the substitution
up=(|by/by | )% (k=1,...,n) (1.9

We assume that
>0, b:<O0E=2,..,0), 5, >0( =n +1,...,n

and omit, for brevity, the case when the numbers §; contain zero values, since the correspond-
ing equations are then quasilinear and can be included in the discussion in Sect.2,
As a result of the substitution (1.4), system (l.3) will take the form

ry == —2z,Dre’ cos y, (1.5
8, = vy + 2, Drerglsiny

where
Y=pb +...+ Prby — @q (16)
Qo =argAx =y (z + ) (k=1,...,n)
D=1A1]H %!piﬂx rp/2=rf‘/2...r£ﬂm

=2

System (1.5) admits of n first integrals

r1+r2=R (17)
n4+rn=R{A+1) (=3,..,n5 1,>—1)
rn—ry=—Rt; j=n+1,...,8 1,> 1)
rP2siny =h (R > 0, 1,, 15, B — const) {1.8)

and can be reduced, by a simple change of variables, to the Hamiltonian form which is obtained
in normalized form.
The condition that all 7; are non-negative yields the domain of definition of Ry <
r, < R3, where
Ry = max (0, —Rtnu1, . . ., —RT,)
Ry, =min (R, R({(1 + 13), ..., B {1 + %)

Further discussions and arguments carried out in Sect.l are part of the process of
integrating system (1.5).
Taking into account expressions (1.7), we can show that the equation
n

S(r1)=2 LA (1.9)

i

ji=1
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has only a single solution ry; == Roy, in the interval (Ry, Ry, and 0 <oy << 1.
Let us introduce the variable z such, that

=Rio; —zz){i=1,...,70) (1.10)
This is clearly possible, provided that

g =1y, @ =t (f=3,,. ., n), ay=a + (1.11)
T;(jznl‘f‘h.,.,ﬂ)
The variable z lies within the limits B; <<z <P, where B; = —a, + R/R. when 2z=§;,

at least one of the numbers r; will become zero.
Let us introduce the notation

Yy = —rPR cos y {1.12)
From (1.8) and (1.12) we obtain the relation
4= (1.13)

Using (1.10), we shall write r’ as a polynomial in
PP = RP (k,, ot gz 4 kgt — —;—m”z (Do) H (2)) (1.14)

where H (x¥) is a polynomial of degree p, beginning with the third-order terms. It can be
confirmed that

ko=aP, k=0, ky=—-5oP Y (pifou)

We can show that r°/R* o for any rn & (R, Ry), i.e. 22+ H{E@) >0 for any z& (B, Ba)-
From the definition of «; and (1.10) it follows that all a; > 0.
Let us write

z = [YaP B (pifa®hz [1 + H (2)/2] = dyz + dy2® + dga® + . . . (1.15)
Then, assuming that d; 5= 0, we obtain
i —
x_—a~z~%zz+zl3§-@—i‘4zs+... {1.16

We shall assume that z and 2z are sufficiently small for series (1.15) and (1.186) to
converge.

From {1.13) and (1.15) we have

yszp 4 722 = p2 (117}
p? = o — R¥R? {1.18)

Introducing the variable ¢ with help of the formulas
=pcosq, y = RPpsing (1.19)

we shall form a system of equations in 6, and @. To do this, we obtain from (1.5), (1.10) and
(1.13)
x = —2DRy, y = 2DRP2 dz/dx {1.20)
and find
@ == kdz/dz, k = 2DRv2 {1.21)
It can be shown that ¢ >0 when =& (B, B
From (1.15), (1.8), (1.10) and (1.21) we obtain

a8, (v DK )}__ dz
de AT EGeI ey F @

Expanding its right-hand side in a Maclaurin series in z, making use of (1.19) and then
integrating, we obtain a relation connecting 8, and ¢:

0= (=) o)+ Db st w2
21
a® =L 1 Z gV’ Scosjwdm
iz 13

w80 ﬂ cos’ geoslpde, gl =g’ (b R, v)
3=l
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where a/Y =a® (p, k, R, Tn) are Fourier coefficients.
Analogous expressions can be obtained for the remaining 0,.
Thus we have obtained solutions of system (1.3)

up={|byfby |r)ee*®, 1 =R, — 22) (1.23)
6, =vp + Z a{’sin jo +
21
1 d, L .
T=g-z— d:’ FLES M’d—r‘d‘d‘z“ +..., z=pcosg

_ z,Dh 1 o
(VIO—(V1+R—%),‘—¢1;+% )
The relation @ = @ (f) can be found in the same way as (l1.22), by integrating Eq.(1.21)

1 :
=@ +Z\stmlw+% (1.24)

21

The solution (1.23), (1.24) contains the constants H, Ts ... Tar B, Py, Cy, .. ., Cp, p, Of
which two (e.g. the last two) can be expressed in terms of the remaining constants.

We can assume that R,2,7g ..., Tn: 05y ...,0,, ¢ are the new variables. Then the trajec-
tories of the system will lie on n-dimensional tori.

The solution (1.23), (1.24) is periodic in the case when all numbers v* (I =1,...,n—1)
are rational, and conditionally periodic otherwise. The rational character of v, need not
be checked, since the expansion for 0, in (1.23) is dependent. From (1.6) it follows that

0= pr" (¥ — POy — - . - — PuaBn1 + @o)

and Y can be uniquely expressed in terms of 2n-periodic function ¢ from the formula (1.8),
(1.12), (1.10), (1.16) and (1.19).

2. we shall seek the conditionally periodic solutions of system (l1.l) in terms of first
order in u, which become, when p =0, the solution (1.23), (1.24) corresponding to the
constants Ro’ Tgor « = »» Tnor ho, Clo, ..oy Cﬂ—l, 0y ¢00'

Let us find the derivatives of the integrals of the truncated system &, R T3 ..., 7T,
by virtue of the complete system

ry = — 2z Dref2cosy + 2 M'Rkl (r,6,%) @1
i1
/2
0, =vx + 2D rrk siny + Z r_l; Tui(r: 6,1)

>1

obtained from (l.l) using the substitution (1.4). Here Rxt and Tix have the form (the
summation is carried out over mi>0, m>1, |; |<my).

Drmiz (atm D (t)cos (4,0, + . . . + 1,0,) + b (t)sin (1,0, 4... 4-1.6,)) 2.2)
(m=m1+...+mn)

Differentiating (1.7) and (1.8) we obtain, by virtue of (2.1),
L 4
R = l§1 W (Byu + Ry) 2.3)
Ry’ = 1§1 W@Ry+R)—RA+7) (=3,...n)
Brj = gl p(Ry—Ry)—R7; (=n+1,..,n)

. Py [} Py 1
== B Ry — — T
B =hZ5- élu =y E ™ I;I Wlu

From (1.19) it follows that
¢ =p3R-Ply’zRPI® — (z°RP/ + !}ypzRP/21 Ryl

Carrying out the necessary algebra, we obtain

Q’:k-%;—-{- 2p'®z(r,9'y,z,f) (2.4)
i>1
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where 8z/0z is the partial derivative of the right-hand side of relation (1.15) and the
functions @; have the form (2.2) with the coefficients oY, p™ 8 analytic in y,z and
depending alsc on R, Ty e . ., Ty, A

In order to reduce the amount of calculation, we shall introduce the vectors [ = (h, R,
Tgyo.sTy) and € = (Cypy ...y Cogy o).

We shall find the dependence of 6, and t on @, from the expressions

o=vo(l)e+ 3 af’ (I,)sin jo + C,
)2

= ..E,_%I_o)__(p + Z\Pj(]o)Sinj(P‘l‘ Yo

i1

where C;, P, are the variables and [/, denote certain unperturbed values of I which will be
found later.
Differentiating the last expressions, we obtain

dc
a5 =D+ Z]‘a§” (I)cos jop + Z WF 1 (2 0,8, 1, 9) — (2.5)
121 m>1
v (1) — Zja§l>(lo) cosjo (I=1,...,n—1)
izl
ap, 1 . . m _
'd_w—_-ko(l) + ;N’;(I)COSJCP + ,,,Z'l [ lI'Pom(rv 8,t,1,9)

1 . .
Ty Z 7 (o) cos jo

321

Let us pass in (2.3) to the derivatives in @, and rewrite (2.3) and (2.5) as follows:

dal 1
AN g 0,6, 1,9) (2.6)
de ‘2213
L =1L~ o + Y WSi.01,9)
=1

where the functions H,, S; have the form (2.2) with coefficients o™, bm:h depending on
Iog.

Let us replace in Hj, §; the variables r, 0, ¢ by their expressions in terms of I, C, ¢.
As a result we obtain

al
'd—(;:ZP«lJI(IvC,‘P) (2.7)

i1

=IO = U ®) + Y WL, Cq)

=1

We can show, as in the case = 2%, (*Koroclev I.A., On the oscillations of essentially
non-linear systems with resonance. Moscow, Paper deposited in VINITI, 5.8.85, 5824-85., 1985,)
that the functions J;, Z; are analytic in I, C in some neighbourhood of the unperturbed values
of Ig €y (hy 5% 0, Ry % 0), and conditionally periodic in ¢, and the case when not a single number
Pis. -y Pn 1is equal to unity is more cumbersome when it comes to practical calculations. We
can also show that for fixed [, C, the values of the functions J;, Z; averaged over ¢ in
the interval (0, o), are independent of C when there are no resonances between the frequencies
of the conditionally periodic coefficients on the right-~hand sides of (2.7).

Using the conditionally periodic change of variables

I'=] —~pu(l,C,q), C=C—pw(l,C, o
we will reduce (2.7) to the form

%=P-Bl(1') — u%—(f(l’, @) —fUpe)+ .. - .
A =) ~ (U0 @) + 86 U) =g (T 0) = [ T @) + o
T

. 1 * ’ 7
B,(I’)=1}_1.1:—T—51x(1 ,C's ) dg

0

u(l, € o) =, (. C.9) — B, (1)) dy
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T
6 =lim —S(zm’ c, cp>+i’ﬂ—-‘~‘i’-u<.rxc',m))dq>

v(I,C,tp):S(Zl(I €.0) + -2 ul,C,0) — Gu(I))do

(the integrals are taken at fixed [I,C, and repeated dots terms with M, of degree higher
than the first).

Let us choose n constants [, = (A, Ry Tger + + -» Tno) from the equations
By (L) =10 2.9
introduce the perturbations & J' =1I;+ §, and write the equations of perturbed motion
o =HAL -+ uME 4 pd0 . M= 2 00 (2.10)

where the mean value of the matrix M is zero, A® () is a set of terms beginning from the
second order in £, repeated dots denote terms beginning with the second order in p.

We note that when there are no resonances between the fregquencies of the conditionally
periodic coefficients on the right-hand sides of (2.7), the functions Bjand G, in (2.8) may
contain linear combinations of the components of the vector €. 1In this case we must supplement
Egs.(2.9) with equations equating the corresponding linear combinations of the components of
the vector function G;, to zero.

We cbtain conditionally periodic solutions of system (1.1) stationary in the sense of
/1/, with an accuracy of up to first order in p, by substituting I' = I, € =Ci+ puG (I @
into the transformations which reduce {(2.8) to (1.1). Iet all eigenvalues of the matrix A
of (2.10) have negative real roots. Then* (*see /4/ and: Seregin V.N. On the study of the
oscillations of systems with almost periodic coefficients. Candidate Dissertation, Moscow,
MAI, 1980.) the corresponding stationary solution will be stable, and for sufficiently small
p it will differ arbitrarily little from the solution of the complete system. By the
stability and nearness we mean the stability and nearness of the corresponding deformed tori.
when n=2, the conditionally periodic solutions will themselves be orbitally stable. This
can be explained by the fact that in this case the motion can be described in terms of the
variables R, 4, 0;, y, the variable 0; can be replaced by ¢, and the behaviour of y will be
governed by the behaviour of R,%, ¢ (this follows from (1.8), (1.12), (1.18) and (1.19)).

Thus we have described a method of constructing stable, conditionally periodic solutions
of system (l.l) with an accuracy up to terms of first order in p, differing as little as we
choose from the corresponding solutions of the complete system becoming, when p =0, solutions
(1.23) and (1.24) of the truncated system.
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